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Nonlinear Vibrations of Rectangular Laminated Thin Plates

Jongsik Woo* and Sudhakar Nairt
Illinois Institute of Technology, Chicago, Illinois 60616

Using the basic assumption of thin-plate theory, including nonlinear terms in the von Karman sense, the free
flexural large-amplitude vibrations of arbitrarily laminated rectangular plates are studied. Full-mode displace-
ment formulation with the aid of Galerkin's approximation is treated for more accurate analyses. The Duffing-
type equation is solved by the method of harmonic balance with sufficient number of terms in time series, which
is compared with the method of direct numerical integration. The convergence of the number of half waves in
the x and y directions and that of time series is established. The nonlinear frequencies for the simply supported
with movable edges and fully clamped with immovable edges are compared with the available solutions in the
literature.
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Nomenclature
extensional stiffness matrix
a2AifIDu
plate length in x and y directions, respectively
extensional-bending coupling matrix
aBuIDn
bending stiffness matrix
DifIDn
left sides of three partial differential
equations
Young's moduli in x and y axes, respectively
aspect ratio, alb
shear modulus related to x and y axes
plate thickness
coefficient of inertia term in Duffing-type
equation
number of harmonically balancing functions
resultant stress couples
in-plane stress resultants
reduced stiffness coefficients
kinetic energy, strain energy, applied
potential energy, respectively
midplane deflections in x, y, and z directions,
respectively
nondimensional center point deflection by
mode (1,1)
nondimensional center point deflection
(induced by all modes)
coefficients in Duffing-type equation
beam eigenfunctions in x and y directions,
respectively
strains in the plate
strains in midplane of plate
plate curvature changes
mass density

) x etc. =

(*}/COr

reference frequency, [7jADn/pha4]l/2

fundamental linear and nonlinear frequency,
respectively
partial derivative with respect to jc, etc.
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Introduction

M ANY papers have contributed in the understanding of
the nonlinear effects of large-amplitude free vibration

of thin composite plates during the last three decades. Ya-
maki,1 in 1961, and Hassert and Nowinski,2 in 1962, gave the
first analyses of nonlinear vibrations of single-layer ortho-
tropic plates. The Ritz-Galerkin technique, including thick-
ness-shear flexibility, was used in Ref. 1 and a complicated
series solution was used in Ref. 2. Wu and Vinson3 solved
the problem of nonlinear vibration of orthotropic plates using
Berger's4 approximation and Reissner's variational theorem.5

Mayberry and Bert6-7 performed experimental and theoretical
work on linear and nonlinear vibrations of laminated plates,
with all of the four edges clamped. Wu and Vinson8 extended
their earlier work3 to symmetrically stacked laminated plates.
Reissner and Stavsky9 showed the coupling effect between
bending curvatures and in-plane strains of the midplane for
an unsymmetrically laminated plate in linear static analysis.
Whitney and Leissa10 presented displacement function for-
mulation for unsymmetric angle-ply and cross-ply plates and
solved the governing equation by linearization. Bennett11 pre-
sented a nonlinear analysis for unsymmetric angle-ply lami-
nate using stress function formulation with two terms of half-
waves in the directions of plate edges. Bert12 introduced a
simplified nonlinear analysis for an arbitrarily laminated rec-
tangular plate by assuming appropriate single mode displace-
ment functions. A rnultimode (two-mode) solution for non-
linear vibration of unsymmetric all clamped and all simply
supported angle-ply and cross-ply laminated plates was re-
ported by Chandra and Raju,13 in which stress function for-
mulation and the perturbation technique for the resulting or-
dinary differential equation in time were adopted. Chia and
Prabhakara14-15 presented an analytical investigation of the
nonlinear free flexural vibrations of orthotropic, cross-ply and
angle-ply plates with all clamped and all simply supported
edges assuming zero in-plane boundary forces. A finite ele-
ment method was used by Reddy and Chao16 to investigate
the nonlinear oscillations of laminated anisotropic plate. In
their displacement and slope function formulation, the time
functions in the slope functions were linear and the single
mode was used to make the Duffing-type equation become a
standard eigenvalue equation.

A review of the literature reveals that there has not been
a full rnultimode analysis in solving the governing equation
to obtain a solution as possible in the sense of approximation
technique either in stress function formulation or in that of
displacements. The purpose of the present work is to deal
with the nonlinear vibrations of arbitrarily laminated thin rec-
tangular plates by taking into account a sufficient number of
half-waves in assumed solution of displacement series func-
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tions and in harmonically balanced terms of time series func-
tions to ensure the convergence and to see the effect of aspect
ratio.

By using the Hamilton's variational principle, the Euler
equations of motion as well as the natural and geometric
boundary conditions are obtained. An assumed infinite series
solution for displacements are used to get the Duffing-type
equation with the aid of Galerkin's method. The Duffing-type
equation is solved by the method of harmonic balance and
checked by the direct numerical method of Runge-Kutta-Ver-
ner. Numerical results are shown for two out-of-plane bound-
ary conditions and two in-plane boundary conditions and com-
pared with some results available in the literature to show the
significance of the number of terms in assumed series solutions
and that of the aspect ratio of plate.

Governing Equations of Motion
Using the Kirchhoff hypothesis of classical thin plate, one

can express the total strain as follows,

_ pO
t-xy

KX z

Kx z

(la)

(Ib)

(Ic)

Considering von Karman-type geometric nonlinearity, one
can write,

</2

w2J2

(2a)

(2b)

(2c)

Assuming small slopes (w2 « 1) as well as the Kirchhoff
hypothesis, one can express the midplane curvatures as fol-
lows,

KX = -™,xx (3a)

Ky = -w,yy (3b)

Kxy = -2w^xy (3c)

For a thin plate with an arbitrary number of anisotropic
layers of arbitrary arrangements and thickness, the consti-
tutive relations are

A B
B D (4)

where N and M are the resultant forces and moments con-
jugate to e° and K:, respectively, and Atj, B^ and D{j are
symmetric matrices defined as follows,

(,,D1,)= I"" (l,z,z2)Qvdz («,/= 1,2,6)
J — h/2

(5)

Since thickness-shear flexibility can be neglected for the span-
to-thickness ratio >40 (see Refs. 8 and 17), it is consistent to
neglect the rotatory and coupling inertias.

Neglecting energy dissipation (i.e., damping), Hamilton's
principle requires that the time integral of the difference be-
tween the potential and kinetic energies attains a stationary
value, i.e.,

(U() - r + V°) dt = 0 (6)

where 8 indicates admissible variations in the degrees of free-
dom characterizing the state of deformation.

The strain energy is expressed as

+ MXKX + MyKy + MxyKxy) dx dy

and the kinetic energy is expressed as

1 fafb

T° = rp/H w2
tdxdy2 Jo Jo

(7)

(8)

Integrating Eq. (6) by parts along with the expressions of
Eqs. (2-4), (7), and (8), one can write the variational form
in terms of midplane displacements as follows,

dU° - dT° =

f f (N

Mx 2MxytXy)8w djc dy

nb fb a fa

wt8wdxdy- Nx8u° dy - Nxv8u°
) Jo Jo

- I Ny8v° dx - I
Jo Jo

-/"Jo

+ My8w,

\Tiyx

dy +

A/f 4- My,y ivix dx

l'Jo

Cb a Ca

+ Mxy8w, dy +
Jo y 'y n

 J Jo
dx = 0 (9)

Now three governing partial differential equations can be
written as follows (see also Ref. 18):

i|( U ,V , V V ) ~— l—<-\U \ JL/2^ -^3^

4- w xL2w + w yL4w = 0

£3(w0,v0,HO - L3M° + L5v° - L6w

+ (w°v, + v0^ + w xw y)L9w + w xL3w •

+ 2(BI2 - B66)«v - w,^w.v,,) = 0

(10a)

(lOb)

(lOc)
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where L, are the linear differential operators defined by

£1 = An( U + 2A16( )„ + A66( ),yy

L2 = A16( )^ + (,412 + ,466)( )^ + ,426( ),vv

^3 = £„( )^ + 3516( )w + (B12 + 2£66)( )^ + £26( )

L4 = A66( )^ + 2A26( ),^ + A22( )^

^5 - *16( ),^ + (*i2 + 2BJ( },xxy + 3B26( )w + £22( )

^6 = Du( )w + 4/)16( )w + 2(D12 + 2Z)66)( )w

+ 4Z)26( )^, + Z)22( )^,v

Boundary Conditions and Displacement Functions
To solve the three nonlinear partial differential equations

simultaneously, Galerkin's method is applied in analyzing two
kinds of boundary conditions.

Case 1: Simply Supported/Edge Free
Out-of-plane boundary condition: simply supported (SS)
In-plane boundary condition: edge free (EF)

w = Mx = Nx = Nxy = 0

w = My = Ny = Nxy = 0

at x = 0, a (lla)

at y = 0, b (lib)

where Xm(x) and Yn(y) are the beam eigenfunctions, which
are written as

x xXm(x) = cosham - - cosam -a a

( x x
sinham - - sinam -

y y
Yn(y) = cosha,, - - cosa^ -

b b

n

(15a)

(15b)

where am and ym are the specific coefficients for the rath
flexural mode, which are calculated from the following con-
straints and are shown in Table 1:

cosham cosam = 1 (16a)

cosham - cosaw - ym(sinho:m - sinam) = 0 (16b)

Solution Method
Equations (12) and (14) are substituted into Eq. (9) and

Galerkin's integrals are formally written as

(a Cb
E,(u^v\

Jo Jo

fa fb
£2(w°,v°,

Jo Jo

dUm

dvm

dx dy = 0 (17a)

dy = 0 (17b)

dx dy = 0 (17c)

The assumed displacement solution in the form of double
Fourier series is written as

IUO

v° = 2 2 VnM cos ̂  cos 22 (I2b)

cos (12a)

HUOsin ——sin22 (12c)

Case 2: Rigidly Clamped/Edge Fixed
Out-of-plane boundary condition: rigidly clamped (CC)
In-plane boundary condition: edge fixed (EX)

at x = 0, a (13a)

w = w u = u
() = vu = U at y = 0, fc (13b)= W = if = v° = 0

Evaluations of the above three integrals along with Eq. (4)
and the relevant boundary condition terms in Eq. (9) result
in three _sets of nonlinear equations in terms of time functions
~Umn(T), Vmn(r), Wmn(T) as in Eq. (18). The coefficient matrices
are written in detail in the Appendix.

-\mnT~T 4-
rs Umn +

= Q
^

B\™Umn + 52SwVmiI 4- B3™Wmn

C\mn(J ~\~ C^!l^lvrnn ~\~ Oj

(18a)

(18b)

4- C4mnp£*W Wmn ~ ^^rs YY mn VY pq

= 0 (18c)

The assumed displacement solution in the form of double
Fourier series is written as

in (14a)

w = I 2

/ X • ' ,1A^
il(0 sin —— sin — ̂ - (I4b)

(I4c)

m

Table 1 Values of am and ym

1 4.730040744862704030
2 7.853204624095837557
3 10.99560783800167100
4 14.13716549125746410
5 17.27875965739948100
6 20.42035224562606100
m > 6 (2m 4 1)77/2

0.98250221457623807
1.00077731190726905
0.99996645012540900
1.00000144989765650
0.99999993734438300
1.00000000270759500

1.0
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Table 2 Elastic constants

Material
Graphite/epoxy
Boron/epoxy
Carbon fiber reinforced

plastic
Aluminum

EJET

40
10

7.6
1.0

GL71ET

0.5
1/3

0.41
0.3846

VLT

0.25
0.3

0.3
0.3

The following nondimensionalizing parameters are used in
getting Eqs. (18)

Umn = Umnlh,

£ = x/a,

Vmn - Vmnlh,

rj = y/b,

Wmn = Wmn/h

T = tO)r (19)

Algebraically computing the vectors Umn(r) and Vmn(r) from
Eqs. (18a) and (18b) and substituting them into Eq. (18c)
gives the Duffing-type equation in the tensorial form as

+ ZT™klWmnWpqWkl = 0 (20)

Since an exact solution of Eq. (20) is not known, an ap-
proximate solution is obtained by the method^ of harmonic
balance (MHB). The deflection coefficients Wmn(r) are ex-
panded into Fourier cosine series in r as

Wmn(r) = cos/cc (21)

where A%1 are the constant Fourier coefficients. This assumed
solution is inserted into Eq. (20) and each term is converted
into the first power of cosine functions. Equating the coef-
ficients of like terms of cosine to zero, a system of simul-
taneous nonlinear algebraic equations are obtained. These
equations are solved for Aj£> by a modified Newton-Raphson
algorithm.

Results and Discussion
There are so many parameters that can be varied in the

nonlinear vibration of anisotropic plates that it would be dif-
ficult to present and compare results for all cases. Only a few
typical cases will be selected for discussion. Four kinds of
materials are used for comparison with available results in the
literature. The material properties are shown in Table 2.

The results of a linear analysis that showed excellent agree-
ment for SS/EF boundary condition14'15 and for CC/EX
boundary condition12'19 are not shown in this paper. With the
present formulation involving an arbitrary number of terms
it enables one to truncate the series to establish convergence.
Since two kinds of series solutions are used here in spatial
and time functions, a sufficient number of terms in each series
solution are to be investigated first. Figures 1 and 2 show the
required harmonically balancing terms for sufficient conver-
gence in nonlinear analysis for two different boundary condi-
tions. In both cases, two terms in the x and y directions of
Fourier displacement series are used for two-layer [ ± 45]
angle-ply square graphite/epoxy plate. The SS/EF case is less
sensitive to the number of harmonically balancing terms than
CC/EX case. It is seen that a one-term MHB can be used
with sufficient accuracy in the SS/EF case, especially for is-
otropic or orthotropic plates. In both boundary conditions, it
can be seen that no more than three terms in MHB are nec-
essary for convergence. Figures 3 and 4 show the convergence
on the number of half-waves in the x and y directions for SS/
EF and CC/EX cases, respectively. In both cases, the ratio
of fundamental nonlinear to linear frequency is 1.3 for two-

layer [ ± 45] angle-ply square graphite/epoxy plate. They show
that at least three terms in displacement series in both the x
and y directions are essential for an accurate analysis and the
one-term analysis, which was tried in many works in the past,
is somewhat conservative, as can be seen in Figs. 5-7. In Figs.
5 and 6, the importance of the number of half-waves is stressed.
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Fig. 1 Effect of number of harmonically balancing functions on con-
vergence (SS/EF, two-layer [±45] angle-ply square graphite/epoxy
plate).
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Fig. 2 Effect of number of harmonically balancing functions on con-
vergence (CC/EX, two-layer [±45] angle-ply square graphite/epoxy
plate).
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Fig. 3 Effect of number of half-waves on convergence (SS/EF, two-
layer [±45] angle-ply square graphite/epoxy plate, H = 1.3).
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Effect of number of half-waves on convergence (CC/EX, two-
±45] angle-ply square graphite/epoxy plate, fl = 1.3).
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Fig. 5 Comparison of fundamental frequency ratio (SS/EF, two-layer
[±45] angle-ply square CFRP plate); DNI indicates solution using
direct numerical integration.
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Fig. 6 Comparison of fundamental frequency ratio (SS/EF, two-layer
[±45] angle-ply square Boron/Epoxy plate); DNI indicates solution
using direct numerical integration.

The calculations are carried out using two-layer [ ± 45] angle-
ply square carbon fiber reinforced plastic (CFRP) and Boron/
Epoxy plates in Figs. 5 and 6, respectively. The two referenced
curves in Fig. 5 were based on one-term analysis for SS/EF
case and are redrawn using the plots in Refs. 13 and 15. The
curve of Ref. 16 in Fig. 6 was generated by a finite element

method for nonlinear analysis, but linearized to get a standard
eigenvalue equation. It is noted that the subject formulation
gives much higher fundamental frequency ratio at certain plate
deflection and it is believed to be caused by different math-
ematical formulation.

It is known that the displacement function formulation gives
upper bounds for the exact frequencies, whereas the mixed
formulation of stress function and vertical deflection function
does not have any bounding property. In these figures, the
nine-term MHB are compared with the direct numerical in-
tegration method of sixth-order Runge-Kutta-Verner to ob-
tain excellent agreements with each other.

If we want to see the effects of aspect ratios in nonlinear
analyses it is again emphasized to use a sufficient number of
terms in an assumed series solution, as shown in Fig. 7. The cal-
culations are for the two-ply f ± 45] angle-ply square graphite/
epoxy plate with SS/EF condition. It is seen from Fig. 7 that
not only the linear fundamental frequency but also the fun-
damental frequency ratio for a given deflection decreases with
the aspect ratio in multimode analysis. This trend in the fun-
damental frequency ratio is in reverse to that of the linear
fundamental frequency in single-mode analysis given in
Ref. 15.

The totally clamped case (CC/EX) has not been dealt with
widely. Figure 8 shows some analytical and experimental re-
sults for a square isotropic plate with the Poisson ratio v of
0.3. The Duffing-type equation derived from a single-term

Nondimensional Deflection, W^/h

Fig. 7 Effect of aspect ratio on fundamental frequency ratio (SS/EF,
two-layer [±45] angle-ply Graphite/Epoxy plate).
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Nondimensional Deflection, W/h and W^/

Fig. 8 Comparison of fundamental frequency ratio (CC/EX, square
isotropic plate, v = 0.3); DNI indicates solution using direct numerical
integration.
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Fig. 10 Effect of aspect ratio on plate deflection for various funda-
mental frequency ratios (CC/EX, two-layer cross-ply CFRP plate).

mixed formulation was solved by assuming time function as
elliptic cosine in Ref. 1. Even though the edge-parallel move-
ment (i.e., Nxv = 0) is allowed for the all clamped plate, the
results do not differ significantly with the results of the present
work. An experimental work6 done for an anisotropic plate
having the aspect ratio of 1.5 was converted to a square plate
in Ref. 12 (curve Ce12). Single-term polynomial-type and trig-
onometric-type displacement functions were tried in Ref. 12
for nonlinear large-amplitude vibration (curves Cp and Ct12).
The results using a trigonometric-type displacement function
in Ref. 12 agree well with the present nine-term analysis for
lower 11, which is also checked by direct numerical integra-
tion. In this case, the nondimensional center point deflection
involves the effect of total modes for comparison. The fun-
damental mode deflection is also shown in this figure.

Finally, the effect of aspect ratio for fully clamped two-
layer cross-ply CFRP plate are shown in Figs. 9 and 10. It is
noted that the linear fundamental frequency always decreases
with the aspect ratio, whereas the fundamental frequency
ratio for a given deflection increases but has a limit corre-
sponding to a specific fundamental frequency ratio. The curve
for the aspect ratio of 2 in Fig. 9 reveals the jump of deflection
of fundamental mode in the higher fundamental frequency
ratios. The jump of deflection occurs at the so-called critical
aspect ratio and transfers to the lower fundamental frequency
ratios with the aspect ratio, as can be seen in Fig. 10. It is
also noted that the jump size of the plate deflection, which
indicates the energy transfer to and from the fundamental

mode, is getting bigger for the higher fundamental frequency
ratio due to the large magnitude of linear fundamental fre-
quency in the small aspect ratio. The one-term solutions in
Fig. 9 do not show the aforementioned phenomenon as the
aspect ratio varies.

Conclusions
Two quite different boundary conditions (SS/EF and CC/

EX) have been analyzed by utilizing Galerkin's method, Four-
ier double series displacement functions with the aid of the
method of harmonic balance, and direct numerical integra-
tion. It has been shown that a sufficient number of terms in
assumed series solution is essential in the analysis of nonlin-
ear, large-amplitude oscillation of plates. The sufficient num-
ber of terms in double Fourier displacement series is found
to be three for both SS/EF and CC/EX cases for square plates.
It is also shown that three terms in harmonically balancing
time series gives sufficient convergence. For the case of a
simply supported angle-ply plate, there is appreciable quan-
titative differences in the frequencies due to the number of
half-waves in the assumed displacement series solutions. It is
noted that the fundamental frequency ratio decreases with
the aspect ratio multimode analysis for a given deflection but
the trend is reversed for single-mode analysis in the case of
SS/EF. In the case of a fully clamped plate (CC/EX), the
fundamental frequency ratio increases first with the aspect
ratio for a given deflection but decreases again beginning from
the high fundamental frequency ratio point as the aspect ratio
gets larger, and the plate deflection keeps increasing for suf-
ficiently large value of aspect ratio for a given fundamental
frequency ratio.

Appendix
All of the coefficient matrices in Eqs. (18) are shown in

the following equations for two different boundary conditions
with some notational definitions.

Case 1: Simply Supported/Edge Free

Sm = sinraTif, Cm = cosmTif

_ p _ n _ p
Amr = SmSr d£, Bmr = SmCr d£ Cmr = CmCr d£

JO Jo Jo

Gmpr = SrnSpSr df Hmpr - Sn,SpCr

n,cpcr df , lmpr - cmcpcr

Kmpkr - SmS,,SkSr d£, L,npkr - S,,,SpSkC

Mmpkr - Jo SmSpCkCr df, N^,. - J() 5WC,QC df

The coefficient matrices of Eqs. (18) are written below as,

f™
(Al)

___ fri __ fjTL
Aj-EmrBm + Aj—En,Bmr

77 ' 77 '

2f™ = (Al6m2 + A26/V)C,,irC,I4.

_ _ __ — fn — —
- (A^ + A66)fmn BmrBns 4- A{, — EmrBns

77
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(A2)

AT,™ = - (B12 + 2B66)f2mn2]CmrBns

2Bl6fmnEmrCns + 2B66f2mnEnsCmr

™»« = - {7jf(Al6m2q

(A3)

^ - A6(fnq2Hntls\Ipmr

(A4)

BIS- =

- (A1

+ A

B2™ =

T fm T PA12 — EnsBmr

(A5)

n^C^, - 2A26fmnBmrBns

A26
 f— En$mr + A26

 f- Em$m
7T 77

S3™ = -7r(B16m3 +

(A6)

2B26f2mn EnsCmr + 2B66fmn (A7)

nqs - (A12

(A8)

Clr = - ~\ [Bn/n3 + (512 + 2566Fmn2]JwX
77

(3Bl6fm2n

I" - — I"
77 m 77

_ 4
77

(A9)

3B26f2mn2)AmrBsn + -Bl2f

(A10)

C3™ = - 4 - [m4 + 2(D12 + 2D66)f2m2n2

m3« + D26f

- DKfmnrEmrBsn + -
77 77

4k —_ [(A
TTCL

EnsBrm (All)

^ - 2Al6fmPqHmr~Isnq

(A12)

+ f(Al2np2 + '

- 2A26f2npqirmpHnsq - 2A66fmpqHmrplsnt/] (A13)

Ah _
C6™"* = - ~{[2(BU -

3B26f2mn2q)HprmHmi,

a + 2B66)mn2p~Irmp

+ 2(B12 - B^m^G^

nqsGmpr} (A14)

K:ql - f(AJ6m2pl

LplcrmNsnql

(A15)

(A16)

Case 2: Rigidly Clamped/Edge Fixed

Elmr = j XmSr df, E2m

E3mr -

Flmr -

P2mr -

E4mr -

, d£ G4mpr
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G5mpr =

H2mpr -

,r = XmXpCr '

Q2mpk -

~ \

(A12

- (S12

- 3Bl6fE3mrE2ns

(A17)

(A18)

(A19)

(An

(A20)

(A21)

mp&va + A22fGlmprG5nl/i]

CIS- =

(3Bl6fm2n + B26fn^E\rmFlsn}

(A24)

(A25)

+ [(B12 + 2S66)/m2« + B22/3n3]£l,mFli,} (A26)

C3S" = ̂  [P5mrPlns + 4Dl6fP4mrP2ns

+ 2(D12 + 2D66)f F3m,F3ns

P4ns + D22/4?lmAP5m.] (A27)

p&2^ + 2(B12 -

(B12 + 2B66)/2Q4mprQXs + (B12 + 2

2(512 -

(A28)

4/7 _ _ _ _ __ __ __ __
Gl^ + Al6fnG3prmHlqsn

2Al6fmH2pfmG2qsn

4/7 _ _
" = - —— (A16

(A29)

H2prmG2qm + 2A76f2nG2prJtlqsn) (A30)

4/z2 _ _ —
i^n^^l +

(A31)

(A32)

(A22)

B35- = [-Bt6 - (B12 + 2B66)/£3mr£2ns

(A23)
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